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Abstract: Using analytical and numerical methods, the possibility of existence of the elongated and flat hydrogen molecules 

H2 is first analyzed by analogy with the possibility of existence of low-dimensional single- and two-electron atoms previously 

proved theoretically (including us) and the impossibility of existence of the same multi-electron atom first pointed out in one of 

our previous works. In principle, conclusions of the present work can be verified experimentally, since low-dimensional, that is, 

one- and two-dimensional atoms were obtained experimentally long time ago. In our opinion, the material presented in the 

Appendix is of independent methodical interest because of its possible inclusion in traditional courses of quantum mechanics. 

Keywords: One - Two- Dimensional Hydrogen Molecules, Binding Energy, Interaction Energy, Minimum 

 

1. Introduction 

Atoms with spatially one- and two-dimensional electronic 

structures were obtained experimentally long time ago, and 

existence of the same hydrogen-like atoms with analogous to 

three-dimensional characteristics was theoretically confirmed 

earlier also (including our previous works ) [1, 2, 3, 4]. 

However, it seems likely that as demonstrated in our work, 

multi-electron low-dimensional atoms do not exist [5]. In this 

regard, a natural question arises on the existence of one-

dimensional (that is, elongated) or two-dimensional (that is, 

flat) molecules comprising two identical hydrogen-like atoms 

( )Ze  (at 1Z = , this is molecular hydrogen 2H ). 

This problem which was not touched at all in the literature 

known to us is the subject of the present work. References to 

other works having at least indirect relation to the present 

work in the above-mentioned aspect can be found in our 

works listed in the References. Presenting material below, we 

mainly focus on the conventional three-dimensional 

molecules 2H  following the traditional course of quantum 

mechanics [6]. The equivalent more general interpretation is 

given in a classical book [7]. 

2. Method 

Addition to the energy of three-dimensional hydrogen atoms 

due to their interaction considered as small perturbation is  

( )SYM
ANT

V R =
1

K A

S

±
±

                            (1) 

for states symmetric and asymmetric with respect to 

permutations in the electron coordinates [6]. In this case, the 

functions S ≡ ( )S R , K ≡ ( )K R , and A ≡ (A )R  of the 

distance R R≡
�

 between the nuclei are determined as 

follows: 

S = dV∫ 0 0( ) ( )r r Rψ ψ −
���

                  (2) 

K = dV∫ 2
0 ( )rψ � 2

[
e

R
−

2

]
e

r R−
��                (3) 

A = dV∫ 0 0( ) ( )r r Rψ ψ −
��� 2

[
e

R
−

2

]
e

r
�            (4) 

where K  is the average energy of the Coulomb interaction 

of the hydrogen atom with the ion of the hydrogen atom [6]. 

A - quantity has no classical analog and is the so-called 

exchange energy, and 0ψ  is the real wave function of the 

ground electron state in the hydrogen-like atom ( )Ze . 

Our purpose below is refinement of formulas (2-4) for the 

one-dimensional and two-dimensional molecules with the 
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subsequent elucidation of the form of the dependence of 

functions (1) on the distance between the nuclei to elucidate 

the presence of a minimum of these functions in the negative 

region of their values at a certain distance corresponding to 

the equilibrium distance between the nuclei in the stable 

molecule comprising two hydrogen atoms. 

First we note that generalization of these formulas to the 

spaces with dimensions 1,2D =  considered as the subspaces 

of the three-dimensional space 3D =  (and also with the real 

wave function of the ground state – see Eqs. (14) and (38) 

below) has the form 

S = DdΓ∫ 0 0( ) ( )r r Rψ ψ −
���

                    (5) 

K = DdΓ∫ 2
0 ( )rψ �

2

[
e

R
−

2

]
e

r R−
��                (6) 

A = DdΓ∫ 0 0( ) ( )r r Rψ ψ −
���

2

[
e

R
−

2

]
e

r
�            (7) 

where 2dΓ dS≡ = dxdy , 1dΓ = dz , including the case of 

3D = also with 3dΓ dV≡ = dxdydz . 

Let us now proceed in these formulas to dimensionless in a 

conventional sense variables and functions 

DdΓɶ =
( )

D

D
Z

d

a

Γ
, r
�
ɶ =

Z

r

a

�

, R
�
ɶ =

Z

R

a

�

, 0ψɶ = /2( )D
Za 0ψ   (8) 

with the normalization condition 

DdΓ∫ ɶ 2
0 ( )rψ
�

ɶ ɶ = 1
                               (9) 

and designation 

Za =
2

2( )em Ze

ℏ
                            (10) 

Then Eqs. (5), (6) and (7) can be written in the form more 

convenient for the subsequent applications: 

S = DdΓ∫ ɶ 0 0( ) ( )r r Rψ ψ −
�� �
ɶɶ ɶɶ ɶ                  (11) 

K = ( )Zα α 2
em c DdΓ∫ ɶ 2

0 ( )rψ
�

ɶ ɶ [
1

Rɶ
−

1

r R−
��
ɶɶ

]      (12) 

A = ( )Zα α 2
em c DdΓ∫ ɶ 0 0( ) ( )r r Rψ ψ −

�� �
ɶɶ ɶɶ ɶ [

1

Rɶ
−

1

r
�
ɶ

]    (13) 

α =
2e

cℏ

1

137
≈  

The parameter Za  given by Eq. (10) which at Z = 1  is 

simply the Bohr radius enters conventionally into the 

normalization coefficient of dimensional wave function 0ψ . 

The dimensionless charge of the nucleus Z , designated by 

Z ′  in the variation method used in Section 5 to calculate the 

energy of the hydrogen molecule comprised in Za  as the 

variation parameter [8, 9] [6, 7]. 

In Section 3 below based on general formulas (11–13) we 

calculate analytically the corresponding functions , ,S K A  

depending on the dimensionless distance between the nuclei 

Rɶ → Lɶ = / ZL a  in the one-dimensional hydrogen molecule

2H  with illustrative graphic representation of the interaction 

energy as a function of Lɶ  designating in this case the 

conventional distance R  by symbol L . 
In Section 4, the same program is realized  for the two-

dimensional molecule with designation of the dimensionless 

distance  between the nuclei Rɶ  by analogy with the 

designation R  of the distance  in the three-dimensional 

variant [6]. 

In Section 5, the variation method is used to calculate the 

energy of the two-dimensional and one-dimensional 

molecules using formulas presented in the Appendix which is 

also of independent (mainly methodical) interest. In Section 

6 we discuss the results obtained. 

3. One-Dimensional Molecule. Derivation 

of General Relations by Analytical 

Methods 

The dimensionless in a conventional sense wave function 

of the one-dimensional hydrogen-like atom elongated along 

the z - axis with the origin of coordinates in one of the 

nucleus has the form [7, 10]): 

0ψɶ ≡ 0 ( )ψ ςɶ , 0 ( )ψ ςɶ = 2 ς e
ς−

1, 0

, 0P

ς
ς
>

 <
,ς =

Z

z

a
                                                (14) 

(traditionally we designate here the dimensionless in a conventional sense variable by the symbol ς  and by P = ± 1  -the 

parity of the state). The energy  

nE = −
2

2

( )

2

Z

n

α 2
em c                                                                          (15) 

coincides with the three-dimensional case. 



117 Vladimir V. Skobelev:  To the Theory of Low-Dimensional Hydrogen Molecules  

 

Proceeding to calculation of the functions , ,S K A  in Eqs. (1) and (11–13) in their prolongation to the one-dimensional 

space 1D =  (see also Eq. (26-29) below) as a subspace of the three-dimensional space, we note that 

Formula (11) in this one-dimensional case assumes the form 

S ( )NS Z≡ = dς
∞

−∞
∫ 0 ( )ψ ςɶ

0 ( )NZψ ς − ɶɶ  

where NZ  is the coordinate of one nucleus relative to another and NZɶ = /N ZZ a . 

Having designated the distance between the nuclei NL Z=  and having introduced the dimensionless distance NL Z=ɶ ɶ , 

this expression for NZɶ ≡ Lɶ 0>  with allowance for the parity of the states can be reduced to the form 

( 0)NS Z >ɶ = 2 [ PP′ Le− ɶ
0

dς
−∞
∫ ς ( )L ς−ɶ e

ς ς− + + Le− ɶ
P′

0

L

dς∫
ɶ

ς ( )L ς−ɶ e
ς ς− + + Le

ɶ

L

dς
∞

∫
ɶ

ς × ( )Lς − ɶ e
ς ς− −

 ]  

= 2 [ PP′ Le− ɶ

0

dς
∞

∫ ς ( )L ς+ɶ 2e ς− + Le− ɶ
P′

0

L

dς∫
ɶ

ς ( )L ς−ɶ + Le
ɶ

L

dς
∞

∫
ɶ

ς ( )Lς − ɶ 2e ς− ]                             (16) 

Elementary calculation yields 

( 0)NS Z >ɶ = Le− ɶ [( 1)PP′ + 1

2
(Lɶ + 1) + P′ 31

3
Lɶ ] ≡ ( )S Lɶ                                               (17) 

For NZɶ ≡ − Lɶ 0< , we analogously obtain 

( 0)NS Z <ɶ = 2 [ PP′ Le
ɶ

L

dς
∞

∫
ɶ

 ς  ( )Lς − ɶ e
ς ς− − + P

Le− ɶ
0

L

dς
−
∫
ɶ

ς ( )Lς + ɶ e
ς ς− − + Le− ɶ

0

dς
∞

∫ ς  ×  ( )Lς + ɶ e
ς ς− −

]  

= 2 [ PP′ Le
ɶ

L

dς
∞

∫
ɶ

ς ( )Lς − ɶ 2e ς− + Le− ɶ
P

0

L

dς∫
ɶ

ς ( )L ς−ɶ + Le− ɶ

0

dς
∞

∫ ς ( )Lς + ɶ 2e ς− ]                               (18) 

As can be seen from (16),(18), 

( 0)NS Z <ɶ = PP′ ( 0)NS Z >ɶ                                                                          (19) 

Of course, since the function S  by analogy with the interaction energy given by Eq. (1) must be independent of the sign of 

NZɶ  and must depend only on Lɶ , we obtain 1PP′ = , that is, in any case the parities of electron states in the one-dimensional 

molecule 2H  should be identical: 1P P′= = ± . 

Thus, with allowance for Eqs. (17) and (19), we obtain 

( )S Lɶ → ( ) ( )S L± ɶ  = Le− ɶ ( 1 L+ ɶ ± 31

3
Lɶ )                                                               (20) 

Expression (12) for K  after some transformations for ( ) 0NZ L≡ >ɶ ɶ  is written in the one-dimensional case in the form 

( 0)NK Z > = ( )Zα α 2
em c {

1

Lɶ
− 2 [

0

dς
∞

∫
2ς 1

L ς+ɶ
2e ς−  +  

0

L

dς∫
ɶ

2ς 1

L ς−ɶ
2e ς−  

+
L

dς
∞

∫
ɶ

2ς 1

Lς − ɶ
 2e ς−  ] } → ( )Zα α 2

em c {
1

Lɶ
− 2 [

0

dς
∞

∫
2ς 1

L ς+ɶ
2e ς−
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+
0

L

d

ε

ς
−

∫
ɶ

2ς 1

L ς−ɶ
2

e
ς− +

L

d

ε

ς
∞

+
∫
ɶ

2ς 1

Lς − ɶ
 2e ς−  ] } 

The principal difference from S -quantity consists in the 

presence of the logarithmically divergent one-dimensional 

Coulomb integrals in the first equality (the last two terms in 

the square brackets), because of which the small parameter ε , 

whose physical sense is explained below, was introduced into 

the integration limits to obtain finite values of the 

corresponding integrals entering into the last expression. 

After integration by parts, setting 0ε →  where possible, 

we obtain 

( 0)NK Z > = ( )Zα α 2
em c {

1

Lɶ
− 2 [

0

dς
∞

∫
2ς 1

L ς+ɶ
2e ς− + (

2
L− ɶ 2Le− ɶ ln ε  

+ 2

0

L

dς∫
ɶ

2e ς− (1 )ς ς− ln( )L ς−ɶ ) + (
2

L− ɶ 2Le− ɶ ln ε − 2

L

dς
∞

∫
ɶ

2e ς− (1 )ς ς− ln( )Lς − ɶ ) ]}  

As can be seen, the form of the dependence ( )K Lɶ  for 

( )NZ L≡ −ɶ ɶ 0<  coincides with its form for ( ) 0NZ L≡ >ɶ ɶ  

defined by these formulas, that is, ( 0)NK Z <ɶ  and 

( 0)NK Z >  are in fact identical being functions of Lɶ  only 

without any additional restrictions on the electron states, as it 

should be according to their physical sense by analogy with 

S -quantity in these regions. Thus, the difference is also that 

the function ( )K Lɶ  is independent at all of the parity of 

electron states. 

After sufficiently cumbersome transformations of the 

above expression, including again integration by parts, and 

after replacement of the variables in the two last integrals, we 

obtain the following final form of this function for the entire 

coordinate axis:
 

( )K Lɶ = ( )Zα α 2
em c {

1

Lɶ
− 2 1J + 1

2
+ Lɶ + 2

2Lɶ (2 2J − ln Lɶ ) − 2Le− ɶ [ 1 + 3Lɶ + 2
4Lɶ ( 3J − δ ) ] }            (21) 

3J  ≡
0

dς
∞

∫
2 lne ς ς−

, lnδ ε≡ 0<                                                               (22) 

The value of the integral 3J 0<  can be calculated from formula (4.441.2) of [11]: 

3J = − 1
(ln 2 )

2
C+                                                                                  (23) 

( 0.577C ≈ … is the Euler constant); the integrals in Eqs. (21) that cannot be calculated analytically are designated as 

1J ≡
1( )J Lɶ =

0

dς
∞

∫
2 2e

L

ςς
ς

−

+ɶ
, 2J ≡

2( )J Lɶ = 2Le− ɶ

0

L

dς∫
ɶ

2 lne ς ς                                             (24) 

Analogous situation in the sense of the divergence of 

integrals is encountered in calculations of the energy of one-

dimensional two-electron atom or relativistic corrections to 

the energy of the two-dimensional hydrogen-like atom [12, 4]. 

In these cases, the divergence was eliminated in principle 

with allowance for the deviation from the Coulomb law at 

small distances because of polarization of the electron-

positron vacuum; moreover, in experimentally realized 

situation of one-dimensional orthohelium, it was reduced 

automatically [12]. 

In our case such reduction is lacking, and the deviation 

from the Coulomb potential with the necessity of 

introduction of the truncation parameter ε  can be caused by 

the following reasons. 

Finite sizes of hydrogen-like nuclei with ε → Nε = N

Z

r

a
, 

which in accordance with the generally accepted terminology 

is in fact equivalent in the simplest variant of taking into 

account the nucleus form-factor. Here Nr ~ 1310− cm  is the 

order of magnitude of the nucleus radius, and in our 

designations Za = C

Z

λ
α

, C
em c

λ = ℏ
. Substituting numerical 

values, we obtain the estimation Nε ≈ Z × 510− , and with 

logarithmic accuracy sufficient for our purposes, we can 

consider that the order of magnitude of the logarithmic 

truncation parameter δ = ln ε  in the second Eq. (22) is 

equal to ( 10− ). 

To take into account polarization of vacuum, truncation 
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should be performed for the dimensionless integration 

variable equal to VACε ( )Zα=  [4]. Since ln VACε < ln Nε , 

the calculation error introduced by finite sizes of the nucleus 

will be greater than the electrodynamic error caused by 

polarization of the electron-positron vacuum, that is, in our 

calculations the latter can be disregarded, the more so that 

consideration of finite nucleus sizes does not influence our 

main results on the presence of a minimum in the region of 

negative values of the interaction energy and its asymptotic 

vanishing at infinity for a sufficiently wide range of variation 

of the Nε , and in a general case - ε -value (see below) for 

the one-dimensional molecule 2H . 

There is also the third sufficiently exotic reason that 

necessitates the truncation to obtain finite results. As is well 

known, exactly in truly one-dimensional space the solution of 

the Poisson equation for the potentialφ →  1φ  has the form 

1φ ~ z [13]. By virtue of its non-physical character, if it is 

realized in experiments of the aforementioned type and if the 

given effect actually takes place in these experiments, it 

should be transformed in any way into the Coulomb 

dependence of the form ~ 1/ z  for the one-dimensional 

space being the subspace of the three-dimensional space at 

sufficiently small (and still unknown to us) distances from 

the nucleus, thereby introducing additional uncertainty in the 

truncation parameter. 

In fact, this general uncertainty of the truncation parameter 

value for all above-indicated reasons does not matter for 

purposes of the present work whose conclusions referred to 

the one-dimensional molecule 2H  are mainly qualitative in 

character, and this parameter can be considered as free with 

possible experimental determination of its value (see also 

Section 5). For vivid presentation, plots of the dimensionless 

interaction energy 
( )V ±

±
ɶ  (see formulas (26-29) and  

comment below) as functions of Lɶ  are drawn in Figure 1 for 

δ ≡ ln 5ε =  corresponding to the truncation parameter 

value 2
~ 10ε −  (this is caused by technical difficulties with 

the accepted presentation of the pairs of plots in each of 

Figures 1a and 1b; it seems likely that more realistic δ -

values lying in the interval (5–50) will not change our 

conclusions on the presence of a minimum and existence of 

the correct decreasing at ∞  asymptote (Eq. (31) for the 

functions 
( )V +

+
ɶ  and 

( )V −
−
ɶ  representing in our interpretation, 

as demonstrated below, physical variants of the interaction). 

As can be seen from Eq. (21) (or Eqs. (26) and (28) below) 

and is confirmed by the results of concrete numerical 

calculations analogous to those shown in Figure 1, the depth 

of the negative minimum depends on the δ -value, that is, on 

the value of the truncation parameter for reasonable values 

1ε <<  but not the fact itself of this minimum existence or 

vanishing of the asymptote at ∞  (in the latter case, the 

contribution of this truncation parameter to the asymptote, as 

well as of the entire expression in the square brackets in Eq. 

(28), is suppressed by the exponential factor 
2Le− ɶ

). These 

conditions are obligatory for the existence of the one-

dimensional molecule 2H  and in practice are not correlated 

with concrete value of the truncation parameter which, 

strictly speaking, is not known to us. 

Calculation of the function A  presents no difficulties at all 

if we consider that in the one-dimensional variant the 

contribution of the first term of Eq. (13) is simply 

2( ) eZ m cα α S

Lɶ
, and the contribution of the second term is 

proportional to expression (16) for S  with the reverse sign 

and omission of the first factor in the integrand of Eq. (16). 

Simple calculation with allowance for the values P = P′
= 1± previously established yields the result 

A ( )L → ( ) ( )A L± ɶ = 2( ) eZ m cα α {
( )S

L

±

ɶ
− Le− ɶ [ 1 L+ ɶ ± 2 ]}Lɶ                                        (25) 

with the dependence of this function on the parity, unlike the function K  given by Eq. (21) and analogous to Eq. (20). 

Finally, using explicit expression (23) for the integral 3J , we obtain for the variants of the interaction energy ( )SYM
ANT

V R →

( )V ±
± ( )L  of atoms in the one-dimensional molecule 2H  depending on the symmetry type (the low index “ ± ” ) of the 

coordinate part of the wave function of both electrons in the molecule and for identical values of parities P = P′ = 1±  (the 

upper index “ ± ”) of the electron states in the atom the expressions in the form convenient for numerical calculations 

( )V ±
± ≡ 2( ) eZ m cα α ( )V ±

±
ɶ , ( )V ±

±
ɶ =

( )

( )1

K A

S

±

±
±
±

ɶɶ
                                                         (26) 

( )S ± = Le− ɶ ( 1 L+ ɶ ± 31

3
Lɶ )                                                                          (27) 

Kɶ = 1

Lɶ
− 2 1J + 1

2
+ Lɶ + 2

2Lɶ 2(2J − ln Lɶ ) + 2Le− ɶ [ − 1 − 3Lɶ + 2
2Lɶ ( ln 2 C+ − 2 δ ) ]                    (28) 
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1J =
0

dς
∞

∫
2 2
e

L

ςς
ς

−

+ɶ
, 2J = 2Le− ɶ

0

L

dς∫
ɶ

2 lne ς ς  

( )A ±ɶ = Le− ɶ (
1

Lɶ
L− ɶ

2

3
∓ 2 )Lɶ                                                                          (29) 

It is easy to be convinced that with accuracy necessary for an analysis of the asymptote for Lɶ → 0 , we have the following 

expansions: 

( )

0L
A ±

→ɶ
ɶ → 1

Lɶ
1− −

1

2
Lɶ + …,

0L
K

→ɶ
ɶ → 1

Lɶ
1− + …,

( )

0L
S ±

→ɶ
→ 21

1
2

L− ɶ + … 

(in Kɶ  and ( )S ±  the contribution linear in Lɶ  is reduced, 

and the parity of the state does not contribute to this 

asymptote). 

 Then in the asymptote Lɶ → 0  for the one-dimensional 

hydrogen molecule, taking into account Eqs. (26-29) for all 

interaction variants we obtain 

( )V ±
+ , ( )V ±

− →
2

1

e

a Lɶ
=

2e

L
                         (30) 

as it should be since at small distances only the nuclei 

interact [6]. In this case, this limit for 
( )V ±

+  is trivial, since 

the contribution yields only the main order, whereas for 

( )V ±
−  terms of higher order should be taken into account in 

expansions of functions 
( )A ±ɶ , Kɶ , and ( )S ± ). 

From the plots of functions 
( )V ±

±
ɶ  shown in Figure 1 it can 

also be seen that qualitatively correct dependence on the 

distance between the nuclei in the molecule, coinciding with 

the three-dimensional one, including the asymptote of the 

form 

( )

L
V ±

± →∞ɶ

ɶ 0→ −                              (31) 

and the presence of the minimum in the region of negative 

values, is realized in the interaction variants 
( )V +

+
ɶ  and 

( )V −
−
ɶ . 

 

Figure 1. Plots of functions ( )V +
+
ɶ , ( )V +

−
ɶ (a) and ( ) ( ),V V− −

− +
ɶ  (b), appearing in general formula (26), depending on the dimensionless distance Lɶ . 

Meanwhile, for 
( )V +

−
ɶ  and 

( )V −
+
ɶ , in the right branches of 

the plots there exist regions in which these functions for δ
~ ( )5>  are greater than zero, though insignificantly (~ (<)

210− ) -Figure 1, with the subsequent asymptote of the form 

0→ +  for L → ∞ɶ , that is, it seem likely that the non-

physical effect of repulsion arises; this means that for this 

reason, these variants in our approach to the problem of the 

one-dimensional molecule cannot be realized, despite the 

presence of the negative minimum 
( )V +

−
ɶ , 

( )V −
+
ɶ 0<  and the 

correct asymptote given by Eq. (30) at the zero point. 

It should also be noted that in the two-dimensional 

(Section 4) or three-dimensional cases, the physical variant 

of the interaction with the low index “–” is absent at all, 

unlike the existence of the one-dimensional variant 
( )V −

−
ɶ  
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(and probably 
( )V +

−
ɶ ) established above [6, 7]. 

Thus, it seems most likely that in the one-dimensional 

hydrogen molecule in the state with the symmetric electron 

wave function, the parities of the electron state should be 

positive (this is the 
( )V +

+
ɶ  interaction variant), and with the 

asymmetric electron wave function, they should be negative 

(variant 
( )V −

−
ɶ ). The physical reason for this remained unclear 

to us together with the question whether the interaction 

variants 
( )V +

−
ɶ  and 

( )V −
+
ɶ  can be realized in principle. 

As can be seen, asymptote (31) decreasing at ∞  for 

physical interaction variants 
( )V +

+
ɶ  and

( )V −
−
ɶ , which cause no 

doubt, is possible only if the following limit does exist of the 

specific combination of terms in Eq. (28): 

lim
L→∞ɶ

{
1

Lɶ
− 2 1J + 1

2
+ Lɶ + 2

2Lɶ 2(2J − ln Lɶ ) } 0→ −                                              (32) 

This circumstance, taking into account the form of the 

characteristic integral 2J  given by Eq. (24) appearing, as 

well as the integral 3J  given by Eq. (23), in the course of 

transformation of the diverging integrals by introduction of 

the truncation parameter (the integral 1J  enters also into the 

intermediate expressions before the truncation procedure), 

can hardly be random, and with a high probability confirms 

the adequacy of the method of eliminating the divergence of 

the one-dimensional integrals used by us and conclusions of 

the present work concerning the one-dimensional molecule

2H . The same is true for the existence of asymptote (30) for 

all interaction variants that follows from the expansions of 

functions
( ) ( )( ), ( ), ( )S L K L A L± ±ɶɶ ɶ ɶ ɶ  for 0L →ɶ  presented above. 

From this Section it follows with confidence that the one-

dimensional molecule anyway exists, including the 

possibility of the interaction variants 
( )V +

−
ɶ  and 

( )V −
+
ɶ  in 

addition to 
( )V +

+
ɶ  and 

( )V −
−
ɶ . 

4. Two-Dimensional Molecule. General 

Relations 

Unlike Section 3, in this case there are no problems 

requiring detailed analytical consideration. The dimensionless 

wave function of the electron in the two-dimensional 

hydrogen-like atom in polar coordinates is [14, 15] 

ψɶ = ( )
N m

R ρ ( )m φΦ , ρ =
Z

r

a
,                                                                   (33) 

( )
N m

R ρ = N m
C (2 )

(2 )!

m

m

λρ
e

λρ− ( ,2 1;2 )F N m m λρ− + +                                                (34) 

λ =
1

( 1/ 2)N +
, N m
C 3

( )!
2

( )!

N m

N m
λ

+
=

−
; 0,1,...N m≥ =                                               (35) 

mΦ =
1

2π
im

e
φ , ,...1,0 ±=m                                                                    (36) 

with the energy 

NE E≡ =
2 2

2

( )

2( 1/ 2)

eZ m c

N

α
−

+
                                                                          (37) 

Here F is the degenerate hypergeometric function. 

In the ground state 0N =  we have 

ψɶ → 0 ( )ψ ρɶ = 8

π
2

е
ρ−                                                                           (38) 

Apparently, the function S for the flat Molecule 2H  is 

S ≡ ( )S Rɶ = 8

π
0

d ρρ
∞

∫
2

0

d

π

φ∫ 2 2e ρ σ− −                                                                   (39) 
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σ = 2 2 2 cosR Rρ ρ φ+ −ɶ ɶ , Rɶ =
Z

R

a
                                                                     (40) 

The function K  can be written in the form 

K = 2( ) eZ m cα α 1
[
Rɶ

− 8

π
0

d ρρ
∞

∫
2

0

d

π

φ∫
1

σ
4

e
ρ− ]                                                (41) 

The function A  can also be represented in the similar form: 

A = 2( ) eZ m cα α [
S

Rɶ
−

8

π
0

d ρ
∞

∫
2

0

d

π

φ∫
2 2

e
ρ σ− − ]                                                      (42) 

The final result for the interaction energy of atoms in the flat molecule 2H  can be written by analogy with Eq. (26) in the 

form also convenient for numerical calculations: 

V± = 2( ) eZ m cα α ( )V R±
ɶ ɶ , ( )V R±

ɶ ɶ =
1

K A

S

±
±

ɶɶ
                                               (43) 

where now 

S = 8

π
0

d ρρ
∞

∫
2

0

d

π

φ∫
2 2

e
ρ σ− −                   (44) 

Kɶ = 1

Rɶ
−

8

π
0

d ρρ
∞

∫
2

0

d

π

φ∫
1

σ
4

e
ρ−            (45) 

Aɶ = S

Rɶ
−

8

π
0

d ρ
∞

∫
2

0

d

π

φ∫
2 2

e
ρ σ− −               (46) 

For Rɶ → 0 , by analogy with Eq. (30), we have 

V+ →
2

1

e

a Rɶ
 =

2e

R
                            (47) 

In this variant for V+ ~ V+
ɶ , as it follows from the result of 

numerical calculation and from the plot shown in Figure 2, 

another physical asymptote 
R

V
→∞ɶ

ɶ → 0−  mentioned in 

Section 3 is observed simultaneously with the presence of the 

minimum in the region V+
ɶ 0< , by analogy with the three-

dimensional case [6]. 

This means that the two-dimensional hydrogen molecule 

can exist as, naturally, the three-dimensional molecule. 

Moreover, as demonstrated in Section 5, the energy 

characteristics, like the binding energy, can be calculated, 

unlike the one-dimensional case (see Section 5 also). The 

variant ~V V− −
ɶ 0> , by analogy with the three-dimensional 

case, cannot be realized [6]. 

 

Figure 2. Plots of functions V±
ɶ given by Eq. (43) depending on the 

dimensionless distance between the nuclei Rɶ .  

5. Energies of the Two-Dimensional and 

One-Dimensional Hydrogen Molecules 

Obviously, the total energy of the two-dimensional 

molecule in the ground state with physical interaction variant 

V+  as a function of the variation parameter Z ′ is equal to 

( )molE Z ′ = 2
(0)

ˆ
Z

T
′

+ 2
(0)

ˆ
Z

Z ′
Π + V+          (48) 

Here
(0)

ˆ
Z

T
′

 and 
(0)

ˆ
Z

Z ′
Π  are the average kinetic and 

potential energies of the ground state 0N =  of the electron in 

the two-dimensional hydrogen-like atom calculated with 

usage of function (38) and with allowance for Eq. (8-10), 

which according also to general relations (A17, A19), equal 

to
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(0)
ˆ

Z
T

′
 = 2 2( )Z α′ 2

em c , 
(0)

ˆ
Z

Z ′
Π  = − 4( )( )Z Zα α′ 2

em c                                                (49) 

Here V+  is given by the first formula (43) after the substitution Z → Z ′ : V+ → ( )Zα α′ 2
em c × ( )V R+

ɶ ɶ  

Thus, we obtain 

( )molE Z ′ = 2
4α 2

em c 2[Z ′ − 2 ZZ ′ + Z ′ ( )V R+
ɶ ɶ ]                                                (50) 

The standard variation procedure (see also the end of this Section) [6, 7] 

molE

Z

∂
′∂

= 0 → Z ′ ≡ effZ = Z −
1

2
( )V R+
ɶ ɶ                                                            (51) 

yields the following result for the energy of the two-dimensional molecule 

molE ≡ molE ( )effZ = − 2
4α 2

em c [Z − 1

2
( )V R+
ɶ ɶ 2]                                                      (52) 

Analogous result (in accordance with the material presented in the Appendix) for the one-dimensional molecule with strictly 

fixed interaction variants 
( )V +

+
ɶ  and 

( )V −
−
ɶ  has the form 

molE ≡ molE ( )effZ = 2 2
em cα− [Z −  

1

2

( ) ( ) 2{ ( ), ( )}]V L V L+ −
+ −
ɶ ɶ ɶ ɶ                                            (53) 

Moreover, in the ground state of molecules in Eq. (52, 53), 

the values Vɶ 0<  should be taken at points of minima of the 

plots shown in Figures 1 and 2 for these physical interaction 

variants (this could be done at once in initial expressions (49-

51); this changes nothing). Namely, 

In the ground state of the two-dimensional molecule in Eq. 

(52) we should take the value V+
ɶ 0<  at the point of the 

minimum of the lower plot in Figure 2. Numerical 

calculation yields the following value of the function ( )V R+
ɶ ɶ  

(indicated in Figure 2 also) in the minimum for the 

dimensionless distance Rɶ → eqRɶ ≈ 0.660  corresponding to 

the equilibrium ground state of the two-dimensional molecule

2H : ( )V R+
ɶ ɶ → eqVɶ ≈ − 0.574 . This is by about 10 times 

higher than the corresponding value for the three-

dimensional molecule ( ≈ − 0.0646  ) [6]. Thus, the distance 

between the nuclei in the two-dimensional molecule is eqR ≈

0.35 × 8
10

− cm . Note that in the three-dimensional molecule, 

it is by about three times greater [6]. 

From Eq. (52), the value of the ground state energy 

. .mol eqE  for the above-indicated value of eqVɶ  and 1Z =  is 

. .mol eqE ≈ − 6, 6 2α 2
em c ≈ − 180 eV      (54) 

The corresponding result obtained under assumption that 

the perturbation theory is valid when 

. .mol eqE = 02E + ( )eqV R+ , ( )eqV R+ = 2α 2
em c ( )eqV R+
ɶ ɶ  

with the 0E  value given by Eq. (37) at 0=N  and the 

above-mentioned value ( )eqV R+
ɶ ɶ ≡ eqVɶ ≈ − 0.574  is 

. .mol eqE ≈ − 4.574 2α 2
em c ≈ − 124 eV     (55) 

Possibly, it is necessary to consider the result given by Eq. 

(54) as more adequate in view of the formal inapplicability of 

the perturbation theory (the energy 02E  of the molecule 

disregarding the atomic interaction energy V+  has the same 

order in α  as the last). However, in other cases, the situation 

can be observed when both approaches yield almost identical 

results as, for example, in calculation of the energy of the 

three-dimensional helium atom, but in our case it not so[6, 7]. 

Obviously, the binding energy of atoms . .bind enE  in the 

two-dimensional molecule 2H  within the limits of the 

variation method is . .bind enE = 02E − . .mol eqE  with . .mol eqE  

value given by Eq. (54). This yields 

. .bind enE ≈ 2.6 2α 2
em c ≈ 71 eV               (56) 

which is by about 31 times higher than the corresponding 

theoretical result ( ≈ 2.25 eV  ) and by 25 times higher than 

the experimental value ( ≈ 2.8 eV  ) for the three-

dimensional molecule [6]. 

According to the perturbation theory, the binding energy is 

. .bind enE = V+ → 2 2
em cα eqVɶ ≈ 0.574 2 2

em cα ≈ 16 eV                                                (57) 
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In such a manner, it can be stated that the binding energy 

for the two-dimensional molecule in any case is always much 

higher (at least, approximately by an order of magnitude) 

than for the three-dimensional molecule. 

As to the one-dimensional molecule 2H , in this stage we 

cannot make theoretical predictions on the numerical value of 

the energy of such molecule and its binding energy because 

these values, by analogy with values of the functions ( )
V

+
+
ɶ

( )Lɶ  and ( )
( )V L

−
−
ɶ ɶ  of the presupposed physical interaction 

variants at the point of minimum with the equilibrium 

distance Lɶ → eqLɶ  depend, as already demonstrated in 

Section 3, on the value of the truncation parameter used in 

analytical and numerical calculations. This parameter, as 

already mentioned above, is in fact simultaneously free, 

because for the known experimental data on the one-

dimensional molecules 2H , it is possible to adjust such value 

that the results of theoretical calculations would be closest to 

them (this is also in agreement with the approximate 

character and the idea of the variation method itself). 

Namely, the binding energy of the one-dimensional 

molecule 2H  within the framework of the variation method 

for the known equilibrium dimensionless distance eqLɶ  

between the nuclei for the above-indicated physical 

interaction variants is equal to . .bind enE = 12E − . .mol eqE , 

where 1E  is given by formula (15), and the value of . .mol eqE  

is obtained from formula (53) at 1Z =  with the functions 
( )

V
+

+
ɶ  and ( )

V
−

−
ɶ  given by Eqs. (26-29) for Lɶ → eqLɶ . 

Obviously, according to the perturbation theory, the . .bind enE - 

value assumes the form . .bind enE = ( )V +
+ , 

( )V −
−  when Lɶ

→ eqLɶ . 

If the . .bind enE - value, by analogy with the eqLɶ - value, is 

determined experimentally, by adjusting the variation 

parameter 1ε <<  that influences, as already mentioned 

above, on the depth of the potential well, but has no effect on 

the correct decreasing asymptote at ∞  given by Eq. (31) the 

quantitative agreement can be obtained with the experiment 

within the framework of our theory of the one-dimensional 

molecule 2H  at least in one of the two above-mentioned 

methods of calculating . .bind enE . At the same time, this would 

also provide useful information on relative roles of reasons 

for the deviation from the Coulomb interaction at small 

distances considered in Section 3. 

 Thus, our theory of one-dimensional molecules 2H  is 

much less complete than the two-dimensional one (and 

simultaneously more cumbersome because of the procedure 

of regularization of the diverging integrals). However, we 

can reliably state that they, as well as two-dimensional 

molecules, exist, since from our numerical calculations it 

follows that all necessary conditions are satisfied, including 

physical asymptotes at the zero point and at infinity and the 

presence of the minimum for negative values of the 

interaction energy of atoms in molecules for the established 

physical interaction variants; moreover, for both one-

dimensional and two-dimensional molecules, 
,L R

V
→∞ɶ ɶ

ɶ →

0− , as most likely expected by analogy with the three-

dimensional molecule [6, 7]. 

Further, we must note also that when using variation 

method we have not considered Z -value, which enters into 

definitions of the dimensionless distances / ZR R a=ɶ  and 

/ ZL L a=ɶ  depending on this Z  through the parameter Za  

given by Eq. (10), as a variation parameter. The reason is the 

following. 

As it follows from Eq. (50), in the variation equation 

0moldE

dZ
=

′
 so obtained the corresponding additional 

contribution has the form ~ Z ′ dV

dR

+
ɶ

ɶ
×

Z Z

dR

dZ ′→

ɶ
. However, 

as mentioned above, to obtain numerical results given by Eqs. 

(54) and (56), we must take the value of /dV dR+
ɶ ɶ , as well as 

expression (50), at the point of the minimum at eqR R=ɶ ɶ , at 

which it vanishes. Thus, in the case under consideration it is 

quite correct to take into account only the explicit 

dependence on Z ′  in Eq. (50) using first Eq. (51): molE

Z

∂
′∂

 =

0 . 

Obviously, the same reasons for the existence of the 

molecule and the applicability of the variation method, but 

without indication of the value of the truncation parameter ε  

and unknown concrete numerical values of ,eq eqL Vɶ ɶ  in the 

established physical interaction variants are also applicable to 

the one-dimensional molecule. 

6. Discussion 

As follows from the result presented in Section 5, the 

binding energy of atoms in the two-dimensional molecule 

should be considerably (up to an order of magnitude) higher 

than in the three-dimensional molecule. Since in experiments 

the transition of the three-dimensional sodium Bose 

condensate to the two-dimensional (as well as to one-

dimensional) Bose condensate was observed, in the same 

experiment with molecules 2H , the two-dimensional Bose 

condensate of molecules 2H  is fairly probable, since the state 

with a larger fraction of the two-dimensional phase will have 

lower energy of the condensate [1]. In this case, it will be 

possible to test the results presented here, for example, for 

the binding energy, similar to the conventional three-

dimensional molecules [6]. 

According to the conclusions of the present work, the one-

dimensional Bose condensate of molecules 2H  must also 

manifest itself, and determination of its binding energy 

would be rather desirable, as noted above, to complete our 
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theory of these molecules. It seems likely also that it is 

possible to obtain the one-dimensional molecules in the 

experiment analogous to that reported in [2]. 

More certain conclusions about this subject would be 

difficult because of the limited volume of the available 

experimental information. 

Appendix 

On Average Values of the Kinetic and Potential Energy 

Operators in the Hydrogen-Like Atom 

Let us preliminary find the average values of the potential 

and kinetic energy operators ˆ
ZΠ = −

2
( )Ze

r
, Τ̂ = −

2

2 em
∆ℏ

of electron for states with any arbitrary set of quantum 

numbers { , , }n l m  and in the most real variant of three-

dimensional ( D = 3 ) hydrogen-like atom. In this connection, 

we emphasize that because of lacking of these calculations in 

the literature known to us, the material presented in the 

Appendix, in our opinion, is also of independent methodical 

interest and can be added to the conventional course of 

quantum mechanics. In this case, the corresponding results 

for the one-dimensional ( D = 1) and two-dimensional ( D =
2 ) atoms, being one of the accompanying objects of 

consideration in the present work, are derived automatically. 

 We will be sticking to the interpretation of the authors of 

[6, 7]. According to this authors the necessary element of the 

variation method as applied to the dimensionless nucleus 

charge Z  (designated by Z ′  in the wave functions ψ →
ψ ′ ) is calculation of the average values of the potential and 

kinetic electron energy operators ˆ
ZΠ , Τ̂  in the field of the 

nucleus ( )Z e′  in terms of these functions determined from 

the Schrödinger equation 

ˆ(Τ + ˆ )Z ′Π ψ ′ = E′ ψ ′                          (А1) 

We designate these average values by ˆ
Z

Z ′
Π  and ˆ

Z ′
Τ , 

respectively, and E′ ~
2

Z ′ -quantity in Eq. (А1) was 

obtained from E ~
2

Z  appearing below in Eq. (А4) after 

substitution Z → Z ′ . 

In this case, for the ground state 1n =  of the atom in the 

three-dimensional ( D = 3 ) space, as has long been known, 

the equalities hold true [6] 

ˆ
Z

Z
Π  ≡ ˆ

Z
Z Z Z′ ′→

Π = 2E                      (А2) 

ˆ
Z

Τ  ≡  ˆ
Z Z Z′ ′→

Τ = E                       (А3) 

As already mentioned above, no proof of Eqs. (А2, A3) for 

any arbitrary sets of quantum numbers { , , }n l m  can be found 

in the literature. 

In formulas (А2, A3), E  is the electron energy of the 

hydrogen-like (one-electron) atom depending on the energy 

quantum number n. As is well known, for D = 3  it is 

E ≡ nE = −
2 2

2

( )

2

eZ m c

n

α
, 1,2,...n =               (А4) 

Let us further find the above-mentioned average values 

ˆ
Z

Z ′
Π  and ˆ

Z ′
Τ  by direct calculation with corresponding 

generalization of formulas (А2, A3) to any states with the set 

of quantum numbers { , , }n l m  in 3D = . In this case, it is not 

required to consider separately subspaces 1,2D =  of the 

three-dimensional space because the scheme of reasoning for 

them is absolutely analogous to the case 3D =  (see also 

about it below). 

Let us find at first ˆ
Z

Z ′
Π . The normalized three-

dimensional radial function required for calculation in terms 

of the degenerate hypergeometric function F  can be found, 

for example, in [7]: 

( )nlR r = 3/2
Za

−
( )nlR ρ , ρ =

Z

r

a
                     (А5) 

( )nl nlR Cρ = ne

ρ− 2
l

n

ρ 
 
 

2
( 1; 2 2; )F n l l

n

ρ− + + +        (А6) 

2

2 ( )!

( 1)!(2 1)!
nl

n l
C

n ln l

+=
− −+

                     (А7) 

With the potential energy operator expressed through the 

dimensionless variable ρ  

ˆ
ZΠ = −

2( )Ze

r
≡ − 1

Za

2( )Ze

ρ
              (А8) 

ˆ
Z

Z ′
Π -value in terms of the function given by Eq. (А5) 

with allowance for Eq. (А6) (and with the substitution 

Z Z ′→  in Eq. (10) for Za ) is 

ˆ
Z

Z ′
Π = − ( )( )Z Zα α′ 2

em c
2

nlC

0

d ρ
∞

∫ ρ (2 / )ne ρ−
2

2
l

n

ρ 
 
 

× 2 2
( 1; 2 2; )F n l l

n

ρ− + + +                               (А9) 

To calculate the integral over d ρ , we take advantage of 

formula (7.622.1) from reference book [11]. In this book the 

integral appearing in it is expressed through the 

hypergeometric series of general form ( , ; ; )F b a d z : 
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( , , , , )I s a b d λ ≡
0

dt

∞

∫
st

e
− 1d

t
− ( ; ; )F b d t ( ; ; )F a d tλ = ( )dΓ × ( 1)

b
s

−− ( )
a

s λ −− a b d
s

+ −  ( , ; ; )
( 1)( )

F b a d
s s

λ
λ− −

     (A10) 

To avoid the intersection with already introduced standard 

designations, we have replaced the original parameters 

, ,a cα  by the following: , ,a cα → , ,a b d , respectively [11]. 

In our case, 1a b n l= = − + + , 2 2d l= + , 1λ = , 1s = , 

and because of singular structure of expression (А10), 

including the case of 1λ = , it is impossible to set at once 

1s = , but it is necessary to calculate the corresponding 

limiting value; after replacement of the integration variable 

2
t

n

ρ=  in integral (А9), we obtain with allowance for Eqs. 

(А9) and (А10): 

ˆ
Z

Z ′
Π = − ( )( )Z Zα α′ 2

em c
2

nlC

2

2

n 
 
 

1
lim
s→

( , 1, 1, 2 2,1)I s n l n l l− + + − + + +                                  (А11) 

Taking into account the form of the generalized hypergeometric series 

( , ; ; )F b a d z = 1 +  
ab

d 1!

z +
( 1) ( 1)

( 1)

b b a a

d d

+ +
+

 
2

2!

z + ...  +
[ ( 1)...( )][ ( 1)...( )]

( 1)...( )

b b b k a a a k

d d d k

+ + + +
+ +

×
1

( 1)!

kz

k

+

+
...+      (А12) 

we obtain that in the limit 1s →  the nonzero contribution to Eq. (А11) gives only the last term of series (А12), finite in our 

case, with the value 2k n l= − − , so that 

1
lim
s→

( , 1, 1,2 2,1)I s n l n l l− + + − + + + =
2[( 1)!]

(2 2)...( )

n l

l n l

− −
+ +

× 1

( 1)!n l− −
=  

( 1)!(2 1)!

( )!

n l l

n l

− − +
+

                       (А13) 

Taking into account formula (А7) for the normalization 

coefficient nlC , we obtain from Eqs. (А11) and (A13): 

ˆ
Z

Z ′
Π = − ( )( )Z Zα α′ 2

em c
2

1

n
                    (А14) 

Thus, with allowance for the first equality  (А2) and 

expression (А4) for the energy, we obtain 

ˆ
Z

Z
Π = −

2 2

2

( ) eZ m c

n

α
= 2 nE                    (А15) 

On the other hand, from the Schrödinger equation (А1) 

after replacement Z Z′ →  in it, we have the quantum variant 

of the total energy expression nE = ˆ
Z

Τ + ˆ
Z

Z
Π , and 

with allowance for Eq. (A15) ˆ
Z

Τ = nE− = nE ; as a 

consequence, we also obtain 

ˆ
Z ′

Τ ˆ
Z Z Z ′→

≡ Τ =
2 2

2

( )

2

eZ m c

n

α′
          (А16) 

Thus, it is not necessary to calculate the average value 

ˆ
Z ′

Τ  with the explicit form of the kinetic energy operator 

2

ˆ
2 em

Τ = − ℏ ∆ , because accompanying relations (А2, A3) 

have already been proved for the examined case. 

The same relations (А14-A16) and (А2, A3) for the one-

dimensional ( D = 1 ) atom can be derived absolutely 

analogously using the known solution of the Schrödinger 

equation [7, 10]. For the two-dimensional ( D = 2 ) atom they 

can be derived using Eqs. (33-38) after replacement of the 

expression for energy (Eq. (А4)) by Eq. (37) (see also Eqs. 

(А17-A19) below). 

This is not surprising, since the one-dimensional and two-

dimensional wave functions are derived, as is well known 

from the three-dimensional functions given by Eqs. (А5-A7) 

by means of the corresponding transformation of the three-

dimensional radial Schrödinger equation ; moreover, in the 

two-dimensional case with replacement of the set of quantum 

numbers { , , }n l m → { , }N m , and in the one-dimensional 

case with replacement { , , }n l m → { , }n P [10, 15, 14, 7]. 

In particular, in this two-dimensional case, we have 

ˆ
Z

Z ′
Π = − ( )( )Z Zα α′ 2

em c
2

1

( 1/ 2)N +
        (А17) 

ˆ
Z

Z
Π  = −

2 2

2

( )

( 1/ 2)

eZ m c

N

α
+

= 2 NE                (А18) 

ˆ
Z ′

Τ =
2 2

2

( )

2( 1/ 2)

eZ m c

N

α′
+

, ˆ
Z

Τ  = NE            (А19) 

The corresponding expressions for the one-dimensional 

case, as mentioned above, coincide with the three-

dimensional case given by Eqs. (A14-A16). 
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